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Fig. 3 Isentropic surface Mach number distributions for different
values of MI.

Fig. 4 Mach number contours for the VKI turbine cascade flow, MI =
0.961.
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Fig. 5 Variation of loss coefficient with exit Mach number.

Figure 4 shows a clean capturing of the shock for transonic flow cal-
culation. Figure 5 presents a comparison between experimental and
computed loss coefficients. Calculated results agree favorably with
the experimental data in both behavior and absolute values.

Conclusion
Subsonic and transonic flows through the VKI turbine cascade are

calculated adopting the k-co turbulence model. An explicit fourth-
order Runge-Kutta solver for the Navier-Stokes equations and an
implicit approximate factorization scheme for the k-a> equations
are proposed. This mixed explicit-implicit time-marching scheme
has proven to be fast, stable, and accurate, requiring less computer
capacity than conventional fully implicit time-stepping schemes.
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I. Introduction

IT is well known that trailing vortices in unstratified, unsheared
fluid, out of ground effect, will undergo an instability that results

in the periodic linking of the initially parallel vortex tubes and the
formation of vortex rings. Evidence of this instability was first noted
by Scorer.1

Crow2 first explained this phenomenon (hence, it is now called
Crow instability) by performing a perturbation analysis of the kine-
matic relation between velocity and vorticity and found that 1) the
wavelength of maximum perturbation growth (which we denote
as A*) is 8.6bo> where &o is the initial distance between the par-
allel vortices; 2) the perturbation amplitude grows by a factor of
e (= 2.72) in a time equivalent to 1.21 TO, where 70 is the time
required for the vortices to descend a distance equal to bo, i.e.,
TQ = b0/ Vb» where Vb is the initial descent speed, given by ro/27rfco,
r0 being the initial magnitude of the circulation about each of the
vortices; 3) the angle to the horizontal of the plane in which the
initial maximum growth occurs is 48 deg; and 4) A* increases as
the size of the vortex cores decreases. Result 2 is characterized by
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the equation A/AQ = exp(f/1.2ir0), where A is perturbation am-
plitude, t is time, and AQ is the initial value of A. Results 1-3 are
derived by Crow, and result 4 may be inferred from Fig. 10 of Ref.
2. Result 4 is also apparent in Fig. 5 of Widnall's review.3

We note that Crow2 used a specific vortex characterization in
performing his analysis. Namely, he assumed uniform vorticity
throughout the cores of the vortices and zero vorticity outside the
cores. He based his choice of core diameter (0.20£0) and the size of
an interval required to avoid an integral singularity on the previously
published results of Spreiter and Sacks4 and Thomson.5

In this Note, we present results from simulations of Crow in-
stability obtained by using a computer code to numerically solve
the three-dimensional, nonlinear Navier-Stokes equations for an
incompressible fluid. We show that these results agree with Crow's
results, thus validating the code. In addition, by depicting the full
nonlinear evolution of the instability, our results extend Crow's re-
sults to later times. This validation of the code lays the groundwork
for using it in future studies on how Reynolds number, stratifica-
tion, shear, and ground effect influence three-dimensional evolution
of aircraft wake vortices.

To model the trailing vortices produced by an aircraft, we have
chosen a numerical approach that focuses on a portion of the wake
that is large enough to permit initially perturbed vortices to link and
form rings but small enough to run on existing computers. Also,
we assume that the vortex evolution occurs far enough behind the
aircraft that axial velocities in the vortices can be ignored. Crow's
study2 provides important guidance in deciding how large the por-
tion of the wake to be modeled should be. His key result is that the
linking instability undergoes maximum growth for a perturbation
wavelength of 8.6&o- Thus, a computational domain of about this
length should be large enough to permit the formation of vortex
rings.

II. Numerical Approach
The code we have used solves the primitive three-dimensional

Navier-Stokes equations for an incompressible fluid. It uses a two-
step projection method, based on the work of Chorin,6 to evolve
the solution in time while ensuring incompressibility. The first step
advects the flow using a second-order Adams-Bashforth scheme
and is followed by a projection step, which relies on a fast Poisson
solver. The side wall boundary conditions are periodic, and fast
Fourier transforms are used to compute horizontal derivatives. For
simplicity, the boundary conditions at the top and bottom of the
computational domain are rigid-lid/free-slip. A sixth-order com-
pact scheme, similar to one described by Lele,7 is used to compute
vertical derivatives. The two-thirds rule, discussed by Canute et al.,8
is used to avoid aliasing. Fourier and compact low-pass filters, in the
horizontal and vertical directions, respectively, are used to control
the build-up of small-scale energy. The compact filter is also based
on a scheme described by Lele.7

The calculations of trailing vortex evolution, discussed in the next
section, are initialized by either a single pair of counter-rotating vor-
tices (Sec. III.A) or a superposition of such pairs (Sec. III.B). The
horizontal coordinate aligned with the axes of the vortices is denoted
by x, the horizontal cross-axial coordinate by y, and the vertical co-
ordinate by z. Initially, the axes of the vortices lie in the same hori-
zontal plane and are slightly perturbed from being parallel straight
lines. The perturbation is sinusoidal, with each sinusoid in the single
wavelength cases having a peak-to-peak amplitude equal to 2% of
/?o, the nominal distance between the vortices. The sinusoids are 180
deg out of phase; thus, the separation between the vortices varies
from 1.02 to 0.98 times bQ. In planes perpendicular to the x coordi-
nate, the vortices have either uniform or Gaussian circular vorticity
distributions. The cores of the vortices are defined by r0. For uni-
form vortices, this is the radius within which the vorticity is constant
and outside of which the vorticity is zero. For Gaussian vortices, r0
is the value at which the vorticity falls to l/e of its peak value.
The migration direction of the vortices is downward, to simulate
vortices produced by aircraft. When the vortices approach within
2bQ of the lower boundary of the computational domain, the domain
is shifted downward relative to the vortices, and the calculation is
continued.

Numerical accuracy of all computational results was ensured
by monitoring the quantity £ = SQRT ((DIV2)/(GRADSQ))5
where DlV = du/dx + Qv/dy + dw/dz, GRADSQ = (du/dx)2 +
(dv/dy)2 -f (dw/dz)2, and {) indicates an average over the compu-
tational domain; here, w, i>, and w are the flow velocity components
in the x, y, and z directions. The quantity £ is a measure of the
incompressibility of computed flows; the value of e for an incom-
pressible flow should be zero. Our criterion for a calculation to be
of acceptable accuracy was that the value of £ at the conclusion of
the calculation be less than 0.01. This criterion was satisfied for all
computed flows presented subsequently.

III. Results
A. Single-Wavelength Cases

We first describe a set of results for which each calculation was
initialized using a single vortex pair having wave number one in the
x direction. The number of grid points for each case was NXxNYx
ATZ = 65 x 129 x 181, where NX, NY, and NZ are the numbers
of grid points in the x, y, and z directions. The spatial resolution
was equal in the y and z directions, and 24 grid points separated
the vortices in the y direction. In the x direction, the grid spacing
depended on the perturbation wavelength (discussed subsequently).
For all cases, the Reynolds number Re was 2930, where Re = F0/v,
with v being the kinematic viscosity. The time step for all cases was
To/449.

A total of 20 single wavelength cases was computed using two
initial vorticity distribution types, two values of the core radius, and
five perturbation wavelengths. We used both uniform and Gaussian
vorticity distributions, and the radii were 0.10£0 (10% core) and
0.16£?o (16% core). The five wavelengths were chosen to be 6.6,
7.6, 8.6, 9.6, and 10.6 times &0 (yielding axial spatial resolutions
from O.lOS&o to 0.166b0). These cases include the vortex model
analyzed by Crow2 (uniform vorticity core and a core radius of
0.1 Obo) and the wavelength (8.660) predicted by Crow to have the
most rapid perturbation growth.

For each case, we determined the perturbation amplitude as a
function of time. Figure la shows results at 2TO, 3TO, and 4 TO, and
Fig. Ib shows results at 470, 57o, and 670. The vertical axes repre-
sent peak-to-peak perturbation amplitude, and the horizontal axes
represent perturbation wavelength, both in terms of b^. The curves
are second-order, least square fits to the data points. Note that all
perturbation amplitudes were measured in the plane of maximum
perturbation growth.

Figure 1 shows that the amplitudes are greater for the 0.10Z?o core
cases than for the 0.16£o core cases. This implies that trailing vor-
tices with tight cores will link and form rings more quickly than
those with broad cores. It is also evident from the results at 2TQ and
3 r0 that the behaviors for the uniform and Gaussian core cases are
quite similar. We thus omit the uniform core results for 4 TO because
they again are nearly the same as the Gaussian core results. We note
that this similarity is probably due to the inability of the numeri-
cal solution to adequately resolve and maintain the sharp transition
(from zero vorticity to constant vorticity) that is characteristic of the
uniform vorticity model. Thus, Gaussian vorticity cores are likely to
be a more suitable choice than uniform cores for computing trailing
vortex evolution with our numerical model.

From Fig. la, it is difficult to determine a wavelength of maxi-
mum perturbation growth from the results at 2r0. By a time of 3T0,
however, it is clear that A,* ~ 9bQ and A,* ~ 8.5&0 are the approx-
imate maximum growth wavelengths for the 10% core case and
the 16% core case, respectively. These results are in good agree-
ment with Crow's prediction of A,* = 8.6&0 (for vortices with 10%
uniform cores). These results also agree with the inference from
Crow2 that vortices with smaller cores should have larger values of
A,* (result 4 in the Introduction).

For times greater than 3TO, the perturbation growth accelerates
dramatically. Consequently, results for 4r0,5T0, and 6TQ are plotted
on an expanded vertical scale in Fig. Ib. Only results for the Gaussian
core cases are shown because they are nearly identical to results for
the uniform core cases.

By the times of 5r0 and 6TQ for the 10% core case and the 16%
core case, respectively, the perturbation amplitude shows a distinct
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Fig. 1 Peak-to-peak perturbation amplitude vs wavelength for the
single-wavelength case: +, 10% uniform core; •, 10% Gaussian core;
A, 16% uniform core; and •, 16% Gaussian core; solid lines are second-
order, least square fits to the data points at the indicated tunes.

peak for a wavelength of 7.6bQ. (Data points for wavelengths 9.6&o
and 10.6^o at times 57o and 6 TO are omitted from Fig. Ib because
they were not necessary to define the peaks at those times.) From
examination of vortex magnitude surface plots, it is clear for each
case that these times coincide with the onset of linking. Thus, al-
though our numerical results show the largest initial growth for
wavelength near the 8. 6bQ predicted by Crow,2 the most rapid growth
at later times appears to take place at shorter wavelengths.

To compare our results to Crow's results, we analyzed the results
from four selected runs at early times. The wavelengths for these
runs were 7.6b0 and 8.6£0, and the vortex cores were 10 and 16%
Gaussian. Figure 2 shows plots of the computed amplitude growth
vs time for these four cases along with the growth predicted by
Crow2 (starting at t = O.STi). We use the starting time of 0.5T0 for
Crow's result because, as can be seen from Fig. 3, that is the time by
which the initially horizontal perturbation planes of our computed
results have become close enough to the 48 deg predicted by Crow
for the comparisons to be meaningful. In Fig. 2, note the excellent
agreement between the computed results and Crow's result for times
< ~2r0 and the approximate agreement between the computed result
and Crow's perturbation results for later times.

Figure 3 shows the angle to the horizontal of the computed max-
imum growth planes vs time for the cases in Fig. 2. It is notable
that, in all cases, the angle increases rapidly from 0 deg to an angle
approximately equal to the 48 deg predicted by Crow and that this
angle increases in later stages in the evolution.

We note several points from the results of the single-wavelength
calculations presented in Figs. 1-3. First, the numerical model shows
good agreement with Crow's2 analysis described in the Introduction;
that is, the numerical model shows good agreement at early times
with Crow's predictions of the wavelength of maximum perturbation
growth, the rate of growth of the perturbation amplitude, the angle

ro(*>o)
• 8.6 0.10
V 7.6 0.10
D 8.6 0.16
V 7.6 0.16

0 2 4 6 B 10

Time (T0)

Fig. 2 Computed peak-to-peak amplitude vs time for four single-wave-
length cases identified by symbols along with the growth predicted by
Crow (——) (all vortices have an initially Gaussian vorticity distribu-
tion); •, cases closest to that analyzed by Crow.2
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Fig. 3 Computed angle vs time for the four single-wavelength cases in
Fig. 2 (symbols) with Crow's prediction (——).

to the horizontal of the plane of maximum growth, and the variation
of the wavelength of maximum perturbation growth as a function
of core size. We view this good agreement with Crow's results as a
validation of the numerical model. Second, at later times (t ~ 3T0-
47o), the numerical model predicts a shift toward smaller wave-
lengths (~7.6fc0) and larger angles (~55-60 deg) for the maximum
growth. Third, although our initial perturbations are in a horizontal
plane, the plane of maximum growth quickly evolves to around 48
deg, as predicted by Crow. Thus, the results presented here appear
to be robust and at least relatively insensitive to the method of how
the initial perturbation is prescribed. Fourth, the model predicts that
smaller core vortices have faster growing perturbations (cf. Fig. Ib)
and grow in planes at smaller angles to the horizontal than broader
core vortices at early times (cf. Fig. 3). Finally, at times near link-
ing, both the 10 and 16% core vortices are inclined at an angle of
~65 deg to the horizontal (cf. Fig. 3). Thus, the angle of the plane
of maximum perturbations increases significantly from the initial
value of near 48 deg to around 65 deg at linking.

B. Multiple-Wavelength Case
In the preceding subsection, the initial perturbations consisted of

a single wavelength. However, real trailing vortices behind aircraft
are perturbed by a spectrum of wavelengths. To model this more re-
alistic case, we initialized our code with a trailing vortex composed
of a superposition of 13 component trailing vortices, each having a
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t=10T0

t=12T0

Fig. 4 Vorticity magnitude surfaces for trailing vortices evolving from
an initial state perturbed by a spectrum of wavelengths; vertical distance
between plots at different times is for illustration only and does not
represent the distance traveled by the vortex system.

different perturbation wavelength. For reasons of computational ef-
ficiency, Gaussian 16% cores were used for each component vortex
pair, and the resolution in the y, z plane was chosen to be half the res-
olution of the single-wavelength cases. The number of grid points in
the computational domain was NX x NY x NZ = 257 x 65 x 91,
and the length in the x direction, along the axes of the vortices,
was 45.5^0- This length was chosen so that one of the component
vortices would have a wavelength near 7.6bQ because this was the
maximum growth wavelength at later evolution times, as seen from
the single-wavelength results (cf. Fig. Ib).

The 13 component vortices ranged in wave number m from 4
to 16, which gave wavelengths equal to 11.3860, 9.10&0,
6.50Z?0, 5.69fc0, 5.06fc0, 4.55fc0, 4.14fc0, 3.79fc0, 3.50fc
3.03/?o> and 2.84&0- Each component was a nearly parallel pair of
counter-rotating vortices, with their axes slightly perturbed from
parallel as in the single-wavelength cases. As in Sec. III. A, the vortex
axes were sinusoidal and 180 deg out of phase, and the peak-to-peak
amplitude of each sinusoid was 0.02Z>0. The energies of the various
component vortex pairs were chosen to scale as m~5/3, and their
relative phases were randomly selected. The energies were normal-
ized so that the total circulation for the composite trailing vortex
was the same as for the single wavelength cases. The maximum
peak-to-peak amplitude of the trailing vortices formed from the 13
components was 0.008£0. This value is smaller than the 0.02fc0 am-
plitude of each component because of the random selection of their
relative phases. The Reynolds number and time step for this case
were the same as for the preceding cases.

Figure 4 shows surface contour plots of vorticity magnitude for
the initial, composite trailing vortices and for the evolved vortices at
times of 87J), 10r0, and 12r0. At 12r0, we see seven rings in various
stages of development, each of which is clearly discernible at the
time 8r0. Note that the irregularity in the sizes of the various rings
is due to the use of multiple wavelengths. A single-wave-number
calculation would have produced rings of identical size.

To identify the wavelengths for which the perturbation grows
fastest, we examined spectra of the vertical velocity in a horizontal
plane. Our results showed that the early dominant scale is about
8.6&o, the maximum growth wavelength predicted by Crow, but
that by 10r0 the dominant scale is around Ib0. This result is con-
sistent with the single-wavelength results, which showed that as
the instability develops the maximum perturbation growth occurs
at a wavelength less than 8.6&o- In recent laboratory studies, we
have visualized trailing vortices undergoing linking instability and

found that they evolve into rings having axial scales on the order of
5bQ-7b0. Thus, qualitatively at least, these laboratory observations
confirm the results of our numerical calculations.

Our ultimate goal is to study the effects of Reynolds number, strat-
ification, shear, and ground effect on the three-dimensional evolu-
tion of trailing vortices. The current study demonstrates the validity
of our numerical approach and thus lays the foundation for these
additional studies. Recent results showing Reynolds number and
stratification effects appear in Delisi et al.9 and Robins and Delisi,10

respectively.

TV. Concluding Remarks
We have computed solutions that depict the evolution of trail-

ing vortices, from initially having their axes slightly perturbed from
parallel, through the early stages of perturbation growth, to the oc-
currence of linking, followed by the formation and migration of
rings. Our results agree with the findings of Crow,2 listed in the
Introduction, the most significant of which is that the wavelength
of maximum perturbation growth for vortices undergoing linking
instability is initially about 8.6&Q.

In addition, our results extend Crow's analysis by showing that
linking occurs sooner for vortices with tighter cores, the maximum
growth wavelength decreases as the instability evolves, and the an-
gle of growth of the maximum perturbation evolves from around
the 48 deg predicted by Crow2 to near 65 deg at the time of linking.
Finally, results for vortices composed of a superposition of com-
ponents having different wavelengths show good agreement with
laboratory results.
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